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Introduction
Let E be a Banach space over real or complex field and E * , its dual. Let B(E) denote the Banach algebra of all bounded linear operators on E. Let A denote a Banach algebra. Let X denote a left Banach A-module and X ′ , its A -dual, i.e. the space of all bounded left module homomorphisms from X to A which is a right Banach A-module. Let L(X) denote the space of all bounded A-linear operators from X to itself. We will freely use notation, terminology and basic results related to these notions from standard sources like, [DS] , [La] , [Pa] , [D] and [DDLS] . However, at times we will present some of them in the form that we need.
The following definition is well known in the literature, for reference see, [SY1] .
Definition 1.1. Let E be a Banach space and let M be a closed subspace of E. For each bounded linear functional f ∈ M * , we define H M (f ) = {f ′ ∈ E * : f ′ = f , f Definition 1.2. By the density character, dens X, of a Banach space X, we mean the least cardinality of any dense subset of X.
We note the following result from [SY1] . Remark 1. In view of Theorem 1.3, we henceforth call the subspace M as an interspersing subspace.
It is not difficult to show that if X is a Hilbert space, then T is linear. Conversely, if every subspace of X admits a linear Hahn Banach Extension operator, then X is a Hilbert space. For details, see [SY1] . For a Banach space linearity is not available in general but due to Theorem 1.3, we can expect plenty of subspaces which admit linear Hahn Banach Extension operators. The notion of linear Hahn-Banach extension operator was first studied in detail by Heinrich and Mankiewicz [HM] . Previously, J. Lindenstrauss studied similar versions of this notion in the context of non separable reflexive Banach spaces [L] . Subsequently, Sims where one of them has the Radon Nikodym property [LO] . Subsequently, Oja and Poldvere studied linear
Hahn Banach extension operators in the context of Principle of local reflexivity [OP] . Daws studied similar extensions and Principle of Local Reflexivity for Banach modules and Banach algebras [Da] . In a recent article, Abrahamsen, studied the linear Hahn-Banach extension operators in the context of Almost Isometric Ideals in Banach spaces [A] . Very recently, Yost has studied extensively, the notion of linear Hahn-Banach extension operators and its relationship to ball intersection properties in the context of geometry of Banach spaces [Y1] , [Y2] .
We have the following analogous definition for Banach modules.
Definition 1.4. Let X be a Banach left A -module and X ′ its A-dual.
(a) Suppose M ⊆ X is a Banach left A-submodule of X. Suppose an f ∈ M ′ has an extension, f ∈ X ′ . We callf , a Hahn Banach Type Extension of f . If f = f , it is called Norm preserving
Hahn Banach Type Extension of f .
(b) By the Hahn Banach extension set of f, we mean the set, 
Hahn-Banach Type Extension of φ. So we can now define T :
Extension operator as in the definition above. 
Clearly φ cannot be extended to A.
The following result is well known. Theorem 1.6. Suppose A is a Banach algebra and X a left-Banach A-module,then the set of bounded left
The purpose of this paper is to investigate an analogue of Theorem 1.3 in the context of Banach modules.
We confine our discussion to Banach Algebra A of operators on a Banach space which is a module over itself Similar results are studied in various forms and in different contexts. For instance, see [AM] , [B] , [DDLS] , [F] , [FP] , [H] , [JS] , [Li] , [P] , and [SS] and relevant references therein.
Banach Algebra of Operators
Let E be a Banach space and A = B(E) be the Banach algebra of bounded linear operators from E to itself. For x ∈ E, x * ∈ E * , the Banach space dual of E, let x * ⊗x be the operator given by x * ⊗x(y) = x * (y)x, for y ∈ E. Then any T ∈ B(E) with finite dimensional range is given by
We denote all these operators by F (E). Then F (E) is an ideal in B(E). Fix any x ∈ E, such that x = 1. By Hahn-Banach Theorem, there exists φ x ∈ E * such that φ x = 1 and φ x (x) = 1. We fix any φ x for the following discussion. We begin with a few concepts and results from [DKKKL] that are basic and useful for our discussion. Let
and
Then M x and N x are closed linear subspaces of A. In fact M x and N x are closed left ideals of A. Also since
A is a Banach module over itself, M x and N x are left submodules of A. Also M x = 0 if and only if dimE ≥ 2.
The following result is from [DKKKL] .
(E). Then for any maximal left ideal I of A, exactly one of the following is true
(ii) I contains F (E).
We have the following theorem.
there existsψ ∈ L(A, A) such thatφ |Mx = φ andψ |Nx = ψ. Also φ →φ and ψ →ψ are right module homomorphisms. In other words, M x and N x are interspersing left Banach submodules. and N x respectively and I A = P + Q. For any T ∈ A, we have
Hence Q ≤ 1. But since Q is a projection, Q ≥ 1. Thus we have Q = 1. Consequently, 1 ≤ P ≤ 2. Now, for T, S ∈ B(E), Q(ST ) = φ x ⊗ (ST x) = S(Q(T )) as well. Thus P and Q are left module A) . Takingφ = φ 0 P and ψ = ψ 0 Q, we have the desired extensions from Theorem 1.6.
Remark 3.
(i) Clearly, N x being a minimal left ideal and hence a minimal left submodule, cannot act as an interspersing submodule for any other left submodule.
(ii) ψ = ψ in Theorem 2.2 i.e., ψ →ψ is a norm preserving Hahn Banach Type Extension operator.
Hence the map φ →φ is a Hahn Banach Type Extension Operator and L is an interspersing Banach left A-submodule.
We now prove the following lemma. Proof. Indeed, let if possible, φ = 0, then there exists T ∈ L with φ(T ) = 0. So there exists u ∈ E such that φ(T )(u) = γ(say) = 0. Then there exists f ∈ E * such that f (γ) = 1. Now, f ⊗ γ ∈ F (E) and therefore
Remark 4. (i) Lemma 2.4 sets the ground for adapting well-known material such as in Palmer ( [Pa] (1.7.14)), for ideals relevant to our discussion in the context of closed left ideals L of A = B(E) containing F (E). We recall that the adjoint map * from A to B(E * ) is an anti homomorphism and it is surjective if and only if E is reflexive ( [DS] , VI.9.13 ).
(ii) Let φ ∈ L(L, A). Consider any g ∈ E * and y ∈ E satisfying g(y) = 1. Then for f ∈ E * , x ∈ E, f ⊗ x = (g ⊗ x)(f ⊗ y), so we have
So the map f → h on E * to itself gives an S ∈ B(E * ) that satisfies φ(f ⊗ x) = S(f ) ⊗ x for x ∈ E and f ∈ E * . This, in turn, gives, (φ(T ))
(iv) We now take L = K(E), the closed ideal of compact operators in A. By [DS] Chapter VI, for
Proposition 2.5. Let E be a reflexive Banach space. Let L be a closed left ideal of A = B(E) such that 
A special example
In this section we look at a special Banach space, constructed in [KL] from Argyros and Haydon Banach space X AH and a carefully chosen closed subspace Y. X AH is a Banach space with few operators i.e.
B(X AH
, where the scalar fieled k is the field of real or complex numbers and K(X AH ) is the space of compact operators from X AH to itself. For more details on X AH and Y refer to [KL] . Let
Then it follows from [KL] , that every bounded operator T ∈ A has a unique representation
where α 11 , α 12 and α 22 are scalars, I XAH and I Y denote the identity operators on X AH and Y respectively, J : Y → X AH is the inclusion map and the operators K 11 :
Let M 1 = {T ∈ A : α 22 = 0} and M 2 = {T ∈ A : α 11 = 0}. Then M 1 and M 2 are closed two sided ideals of codimension 1 in B(Z).
The following Theorem from [KL] will be useful in our discussion . 
Now for any T ∈ B(Z),
Also,
Let, if possible, Range(v 11 ) be not contained in Y. Then there exists x ∈ X AH such that s = v 11 (x) / ∈ Y.
Hence there exists f ∈ X * AH such that f (s) = 0 and f (Y ) = {0}. Fix any z ∈ X AH , z = 0. Let T 11 = f ⊗ z. Proof. The proof is similar to that of Lemma 3.3. Adding (3.8) and (3.11) and equating to (3.5), it follows that φ(T ) = T C. Proof. From Lemma 3.5, it follows that we can take, ψ(T ) = T C, T ∈ A. The rest follows from Remark 4 and Lemma 2.4.
For the following discussion, we introduce some notation. 
Then we have the following: 
. Proof. By [KL] . Prop 4.1(iii)), K(Z) has a bounded two-sided approximate identity consisting of finite rank canonical projections. We can apply Remark 4(ii) to the bounded map ψ 1 and obtain that for K ∈ A 3
with rangeK ⊆ Y, range(ψ 1 (K)) ⊆ Y. Similar arguments will give the result for ψ 2 (K). We can now take
(i)Clearly φ is linear and bounded. Also, for for any S ∈ A,
and therefore, φ(SD) = 0. For S ∈ A, T ∈ M 2 , we have,
. Similarly,
. As per the part (i) of the proof of Theorem 1.9 in [KL] , for K compact on Y to X AH or to Y, there is a compact extensionK defined on X AH to X AH or to Y respectively. Obviously K =KJ. We may express
To deal with S 22 J −1 ψ 1 (JT 21 ), we first write
with L 22 compact. Then
. We can treat with other terms in a similar manner. So,
. Hence φ is a left A-module homomorphism.
(ii) Suppose φ extends to a ψ ∈ L(A). Then there exists V ∈ A such that ψ(T ) = T V for T ∈ A. So, for
This gives us that ψ 1 (T 11 ) = T 11 V 11 and ψ 2 (T 11 ) = T 11 V 12 for T 11 ∈ A 3 . Consequently ψ 1 and ψ 2 extend tõ ψ 1 ,ψ 2 on A 1 , given byψ 1 (T 11 ) = T 11 V 11 ,ψ 2 (T 11 ) = T 11 V 12 , for T 11 ∈ A 1 .
Conversely, suppose ψ 1 and ψ 2 extend toψ 1 ∈ L(A 1 ) andψ 2 ∈ L(A 1 , A 2 ) respectively.
Set V 11 =ψ 1 (I XAH ), V 12 =ψ 2 (I XAH ) and
.
Heneφ(T ) = T V , T ∈ A is an extension of φ andφ ∈ L(A). This completes the proof of (i) and (ii).
We come to the remaining part of the theorem. Let U = φ (D) . By Lemma 3.4,we have
Also, φ extends toφ ∈ L(A) if and only if ψ extends to someψ ∈ L(A). We note that
. Now, for t ∈ A 1 , K ∈ A 3 we have
. Therefore the maps ψ 1 and ψ 2 on A 3 to A 1 and A 2 respectively defined by
This gives, Jβ 21 = ψ 1 (Jl), Jβ 22 = ψ 2 (Jl). Consequently, Range ψ 1 (Jl) ⊆ Y and Range ψ 2 (Jl) ⊆ Y ,
Hence φ(T ) has the desired form and the rest follows from above.
Theorem 3.8. M 2 cannot act as an interspersing submodule.
Proof. We now utilise Remark 4. Since X AH is not reflexive, there exists ψ 1 ∈ L(A 3 , A 1 ) such that ψ 1 is not extendible to A 1 . Also by [DS] , since Y is not reflexive, there exists ψ 2 ∈ L(A 3 , A 2 ) such that ψ 2 is not extendible to A 1 . Therefore by (ii) of Theorem 3.7 there exists φ ∈ L(M 2 , A) which is not extendible to A.
Corollary 3.9. Suppose I is a closed left ideal of A = B(Z) containing F (Z). If I is contained in M 2 then I cannot serve as an interspersing Banach left A-submodule. In particular, it is so for M 1 ∩ M 2 .
Proof. By hypothesis, I ⊆ M 2 . By Theorem 3.8 there exists φ ∈ L(M 2 , A) which is not extendible to A.
Therefore φ |I ∈ L(I , A) is also not extendible by Lemma 2.4. Proof. We have only to combine Theorem 2.1, Theorem 2.2, Theorem 3.6, Theorem 3.8 and Remark 5.
